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THE ASYMPTOTIC BEHAVIOR OF AUTOMORPHISM GROUPS
OF FUNCTION FIELDS OVER FINITE FIELDS
LIMING MA AND CHAOPING XING
Abstract. The purpose of this paper is to investigate the asymptotic behavior of
automorphism groups of function fields when genus tends to infinity.
Motivated by applications in coding and cryptography, we consider the maximum
size of abelian subgroups of the automorphism group Aut(F/Fq) in terms of genus gF
for a function field F over a finite field Fq. Although the whole group Aut(F/Fq) could
have size Ω(gF
4), the maximum size mF of abelian subgroups of the automorphism
group Aut(F/Fq) is upper bounded by 4gF + 4 for gF ≥ 2. In the present paper,
we study the asymptotic behavior of mF by defining Mq = lim supgF→∞
mF ·logq mF
gF
,
where F runs through all function fields over Fq. We show thatMq lies between 2 and
3 (or 4) for odd characteristic (or for even characteristic, respectively). This means
that mF grows much more slowly than genus does asymptotically.
The second part of this paper is to study the maximum size bF of subgroups of
Aut(F/Fq) whose order is coprime to q. The Hurwitz bound gives an upper bound
bF ≤ 84(gF − 1) for every function field F/Fq of genus gF ≥ 2. We investigate the
asymptotic behavior of bF by defining Bq = lim supgF→∞
bF
gF
, where F runs through
all function fields over Fq. Although the Hurwitz bound shows Bq ≤ 84, there are no
lower bounds on Bq in literature. One does not even know if Bq = 0. For the first
time, we show that Bq ≥ 2/3 by explicitly constructing some towers of function fields
in this paper.
1. Introduction
Let q be a prime power and let Fq be the finite field with q elements. For a global
function field F/Fq, we denote by Aut(F/Fq) the automorphism group of F over Fq,
that is,
Aut(F/Fq) = {σ : F → F |σ is an Fq-automorphism of F}.
Due to demand from applications such as coding theory and cryptography [4, 8, 9,
15, 22, 25, 26], there has been a lot of research on automorphism groups of univariate
function fields over finite fields (i.e., global function fields) (see [7, 11, 12, 14, 16, 24]).
One of the problems in this topic is to look at the relation between the size of the
automorphism group Aut(F/Fq) and the genus gF for a function field F over a finite
field Fq.
For a function field F over Fq, the full constant field of F is defined to be the subfield
of F whose elements are algebraic over Fq. In this paper, we always mean that Fq is
the full constant field whenever we write F/Fq. For a function field F/Fq of genus
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gF ≥ 2, if |Aut(F/Fq)| ≥ 8g3F , then F is isomorphic to one of the four exceptions:
two hyperelliptic function fields, the Hermitian function field and the Suzuki function
field [11]. In particular, for the Hermitian function field H = Fq(x, y) defined by
yr + y = xr+1 with q = r2, the automorphism group has size r3(r2 − 1)(r3 + 1). Thus,
in the Hermitian function field case, one has |Aut(H/Fq)| ≥ 16g4H .
A natural question is how |Aut(F/Fq)| behaves when gF tends to infinity for a fixed
q? For a fixed finite field Fq, the genus gF for any function field F/Fq in the above four
classes of the exceptional function fields with |Aut(F/Fq)| ≥ 8g3F are upper bounded.
This implies that, for a fixed q, one has
lim sup
gF→∞
|Aut(F/Fq)|
gF 3
≤ 8,
where F runs through all function fields over Fq. This leads to the following open
problem.
Open Problem 1. How does |Aut(F/Fq)| behave when gF tends to infinity for a fixed
q? How does one properly define an asymptotic quantity of |Aut(F/Fq)| in terms of
genus gF?
The second question refers to growing speed of |Aut(F/Fq)| in terms of genus gF .
For instance, we do not know if |Aut(F/Fq)| grows linearly or quadratically in genus
gF .
On the other hand, for some applications in coding theory and cryptography [4, 8, 9],
one requires a large abelian (or even cyclic) subgroup of Aut(F/Fq). This motives us to
study the relation between the maximum size of abelian subgroups of the automorphism
group Aut(F/Fq) and the genus gF for a function field F over a finite field Fq. For a
function field F/Fq, we define the quantity
mF = max{|G| : G is an abelian subgroup of Aut(F/Fq)}.
Although |Aut(F/Fq)| can be as large as 16gF 4, the quantity mF is much smaller. In
fact, it was proved in [12, Theorem 11.79] that mF is at most linear in gF . More
precisely we have that for any function field F with genus gF ≥ 2, one has
mF ≤
{
4gF + 4, for char(Fq) 6= 2,
4gF + 2, for char(Fq) = 2.
For the Hermitian function field defined above, we have mF ≥ q − 1 ≥ 2gF [6]. This
implies that mF can indeed be linear in gF . But the question is how mF behaves
asymptotically as gF tends to infinity. Can mF grow linearly with gF when gF →∞?
Our result shows that mF grows much more slowly than gF . In fact, in this paper we
show that gF grows at least as fast as Ω(mF logmF ) asymptotically. Thus, to study the
asymptotic behavior of mF as gF tends to infinity, we define the asymptotic quantity
Mq = lim sup
gF→∞
mF · logqmF
gF
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for every prime power q. We will see later that Mq is a positive constant. The main
purpose of the first part of this paper is to find some reasonable lower and upper bounds
on Mq.
The second part of this paper is to study the maximum size bF of subgroups of
Aut(F/Fq) whose order is coprime to q, i.e.,
bF = max{|G| : G ≤ Aut(F/Fq) and gcd(|G|, q) = 1}.
The Hurwitz bound gives an upper bound bF ≤ 84(gF−1) for every function field F/Fq
of genus gF ≥ 2 [12, 13]. The Hermitian function field H gives bH ≥ q−1 [6]. However,
in this case both bH and gH depend on q. Therefore, the Hermitian function field does
not provide any information on the asymptotic behavior of bF . In this paper, we show
that, over a fixed q, bF can grow linearly in gF . To prove our result, we introduce the
following asymptotic quantity
Bq = lim sup
gF→∞
bF
gF
,
where F runs through all function fields over Fq. It follows from the Hurwitz bound
that Bq ≤ 84. As far as we know, there are no lower bounds on Bq in literature. One
does not even know if Bq = 0. In this paper, we show that Bq ≥ 2/3 by explicitly
constructing some towers of function fields. This means that bF can grow linearly with
gF when gF →∞.
The paper is organized as follows. In Section 2, we will introduce some preliminaries
on function fields including Hilbert’s ramification theory, conductor, cyclotomic func-
tion fields, ray class fields and the Chebotarev Density Theorem. Section 3 is devoted
to prove lower and upper bounds on Mq. In the last section, we prove a lower bound
on Bq by explicitly constructing two towers of function fields.
2. Premilinaries
Let F/Fq be a global function field of genus gF ≥ 2. For a subgroup G of the
automorphism group of F/Fq, denote by F
G the fixed subfield of F with respect to G,
that is,
F G = {z ∈ F |σ(z) = z for any σ ∈ G}.
Then F/F G is a Galois extension with the Galois group Gal(F/F G) = G.
2.1. Hilbert’s ramification theory. The Hurwitz genus formula yields
2gF − 2 = |G| · (2g(F G)− 2) + deg Diff(F/F G),
where Diff(F/F G) stands for the different of the extension F/F G (see [23, Theorem
3.4.13]).
Let PF denote the set of places of F . For a place P ∈ PF and a place Q with
Q = P ∩ F G being the restriction of P to F G , we denote by dP (F/F G), eP (F/F G)
(or d(P |Q) and e(P |Q), respectively) the different exponent and ramification index of
P |Q, respectively. Then the different of F/F G is given by
Diff(F/F G) =
∑
P∈PF
dP (F/F
G)P.
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If P |Q is unramified or tamely ramified, then dP (F/F G) = eP (F/F G)−1 by Dedekind’s
Different Theorem [23, Theorem 3.5.1]. However, if P |Q is wildly ramified, that is,
eP (F/F
G) is divisible by char(Fq), then it is more complicated to calculate the different
exponent dP (F/F
G). One way to find the different exponent dP (F/F
G) is through
ramification groups and Hilbert’s Different Theorem.
The i-th ramification group Gi(P ) of P |Q for each i ≥ −1 is defined by
Gi(P ) = {σ ∈ G|vP (σ(z)− z) ≥ i+ 1 for all z ∈ OP},
where OP stands for the integral ring of P in F and vP is the normalized discrete
valuation of F corresponding to the place P . If P |Q is wildly ramified, then the
different exponent dP (F/F
G) is
dP (F/F
G) =
∞∑
i=0
(
|Gi(P )| − 1
)
by Hilbert’s Different Theorem [23, Theorem 3.8.7]. Let aP (F/F
G) be the least non-
negative integer l such that the ramification groups Gi(P ) are trivial for all i ≥ l. Then
we have
dP (F/F
G) =
aP (F/F
G)−1∑
i=0
(
|Gi(P )| − 1
)
≥ aP (F/F G).
2.2. Conductor. For a real number x, we extend the above definition of ramification
groups to real numbers x ≥ −1 by putting Gx(P ) = G⌈x⌉(P ), where ⌈x⌉ is the least
integer ≥ x. Let gx be the order of the x-th ramification group Gx(P ). Define the
function ϕ(x) for x ≥ −1 by putting
ϕ(x) =
∫ x
0
1
[G0(P ) : Gt(P )]dt,
where [G0(P ) : Gt(P )] = [Gt(P ) : G0(P )]−1 if t ≤ 0. Explicitly, we have
ϕ(x) =
1
g0
(
g1 + g2 + · · · g⌊x⌋ + (x− ⌊x⌋)g⌊x⌋+1
)
for x > 0 and ϕ(x) = x for −1 ≤ x ≤ 0. Then the function ϕ is continuous, piecewise
linear, strictly monotone increasing, and concave on [−1,∞) (see [1, Chapter XI.2]).
Now we define the function ψ to be the inverse function of ϕ and we define the v-th
upper index ramification group by
Gv(P ) := Gψ(v)(P ).
Then we have G−1(P ) = G−1(P ), G0(P ) = G0(P ) and Gv(P ) = {id} for sufficiently
large v.
The conductor exponent cP (F/F
G) can be equivalently defined to be the least non-
negative integer k such that the upper index ramification groups Gv(P ) is trivial for all
v ≥ k (see [18, Definition 3.3.3 and Theorem 3.8.10]). Moreover, we have the following
relations
(1) cP (F/F
G) =
dP (F/F
G) + aP (F/F
G)
eP (F/F G)
≤ 2 · dP (F/F
G)
eP (F/F G)
.
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It is well known that cP (F/F
G) = 0 if and only if P is unramified in F/F G, cP (F/F
G) =
1 if and only if P is tamely ramified in F/F G , and cP (F/F
G) ≥ 2 if and only if P is
wildly ramified in F/F G (see [19, Theorem 2.3.4]).
Define the conductor of F/F G by
Cond(F/F G) =
∑
P∈PF
cP (F/F
G)P.
It is clear that the conductor of F/F G measures ramification of the extension F/F G .
2.3. Cyclotomic function fields. In this subsection, we briefly review some of the
fundamental notions and results of cyclotomic function fields. The theory of cyclotomic
function fields was developed in the language of function fields by Hayes (see [10, 19]).
Let q be a prime power. Let x be an indeterminate over Fq, R = Fq[x] the polynomial
ring, k = Fq(x) the quotient field of R, and k
ac the algebraic closure of k. Let ϕ be the
endomorphism given by
ϕ(z) = zq + xz
for all z ∈ kac. Define a ring homomorphism
R→ EndFq(kac), f(x) 7→ f(ϕ).
Then the Fq-vector space of k
ac is made into an R-module by introducing the following
action of R on kac, namely,
zf(x) = f(ϕ)(z)
for all f(x) ∈ R and z ∈ kac. For a nonzero polynomial M ∈ R, we consider the set of
M-torsion points of kac defined by
ΛM = {z ∈ F ac|zM = 0}.
In fact, zM is a separable polynomial of degree qd, where d = deg(M). The cyclotomic
function field over k with modulus M is defined by the subfield of kac generated over k
by all elements of ΛM , and it is denoted by k(ΛM). In particular, we list the following
facts:
Proposition 2.1. Let P be a monic irreducible polynomial of degree d in R and let n
be a positive integer. Then
(i) [k(ΛPn) : k] = φ(P
n), where φ(P n) is the Euler function of P n, i.e., φ(P n) =
q(n−1)d(qd − 1).
(ii) Gal(k(ΛPn)/k) ∼= (Fq[x]/(P n))∗. The Galois automorphism σf associated to
f ∈ (Fq[x]/(P n))∗ is determined by σf (λ) = λf for λ ∈ ΛPn.
(iii) The zero place of P in k, also denoted by P , is totally ramified in k(ΛPn) with
different exponent dP (k(ΛPn)/k) = n(q
d − 1)qd(n−1) − qd(n−1). All other finite
places of k are unramified in k(ΛPn)/k.
(iv) The infinite place ∞ of k splits into φ(P n)/(q − 1) places of k(ΛPn) and the
ramification index e∞(k(ΛPn)/k) is equal to q − 1. In particular, Fq is the full
constant field of k(ΛPn).
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(v) The genus of k(ΛPn) is given by
2g(k(ΛPn))− 2 = qd(n−1)
[
(qdn− dn− q)q
d − 1
q − 1 − d
]
.
2.4. Ray class fields. Let E/Fq be a global function field. Let Div
0(E) be the sub-
group of the divisor group Div(E) that consists of all divisors of E of degree 0. The
principal divisor group Princ(E) = {div(x) : x ∈ E∗} is a subgroup of Div0(E). The
factor group Cl(E) := Div0(E)/Princ(E) is called the divisor class group of degree
zero of E and the cardinality of Cl(E) is called the divisor class number of E, which is
denoted by hE .
We fix a place ∞ of E/Fq of degree t. Denote by S∞ the set PE \ {∞}. Let A be
the holomorphy ring OS∞ , i.e.,
A = {x ∈ E : vQ(x) ≥ 0 for all Q 6=∞}.
Let Fr∞ and Princ∞ denote the fractional S∞-ideal group and principal S∞-ideal group
of A, respectively. Then the fractional ideal class group Cl(A) := Fr∞/Princ∞ of A is
a finite abelian group with cardinality h(A) = t · hE [20].
Let D =
∑
Q vQ(D)Q be a positive divisor of E with ∞ /∈ supp(D). For x ∈ E∗,
x ≡ 1(mod D) means that x satisfies the following condition:
vQ(x− 1) ≥ vQ(D) for each Q ∈ supp(D).
Let FrD,∞ be the subgroup of Fr∞ consisting of the S∞-ideals that are relatively prime
to D, that is,
FrD,∞ = {I ∈ Fr∞ : vQ(I) = 0 for all Q ∈ supp(D)}.
Define the subgroup PrincD,∞ of FrD,∞ by
PrincD,∞ = {(xA) : x ∈ E∗, x ≡ 1(mod D)}.
The factor group FrD,∞/PrincD,∞ is called the S∞-ray class group modulo D. It is a
finite group and denoted by ClD(A). If D = 0, then ClD(A) = Cl(A).
The S∞-ray class field modulo D, denoted by E
D
∞, is constructed as a finite abelian
extension of E corresponding to a certain open subgroup of the ide`le class group of E
with finite index in which the Galois group is isomorphic to ClD(A) (see [19, Section
2.5]). The ray class field ED∞ is the largest finite abelian extension F of E such that
the place ∞ splits completely in F/E and the conductor divisor Cond(F/E) ≤ D.
The degree and genus formula of the ray class field ED∞ can be found from [2]. For
a positive divisor D =
∑s
j=1 cjQj, we denote by φ(D) the Euler function of D, i.e.,
φ(D) =
∏s
j=1(q
deg(Qj) − 1)q(cj−1)deg(Qj).
Proposition 2.2 (see [2]). Let ∞ be a place of E of degree t > 0. Let D =∑sj=1 cjQj
be a positive divisor of E with ∞ /∈ supp(D). Let hE and gE be the class number and
the genus of E, respectively. Then we have
(1) [ED∞ : E] =
1
q−1
· hE · t · φ(D).
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(2) The genus of ED∞ is
g(ED∞) = 1 +
hE
2q − 2
[
φ(D)(2gE − 2 + deg(D))− w
]
where w = [φ(D)/φ(Q1)− q− 2] · deg(Q1) if D is the multiple of a single place
Q1, and w =
∑s
j=1 φ(D)deg(Qj)/φ(Qj) otherwise.
2.5. Chebotarev Density Theorem. Let F/E be a Galois extension of degree m
of global function fields over the same full constant field Fq. For a place P of F lying
over Q of E, let [F/E
P
] be the Frobenius automorphism of P over Q. Then for any
automorphism σ ∈ Gal(F/E), the Frobenius automorphism of σ(P ) is σ[F/E
P
]σ−1. The
conjugacy class {
σ
[F/E
P
]
σ−1 : σ ∈ Gal(F/E)
}
is determined by Q. Hence, we denote this conjugacy class by [F/E
Q
]. The Chebotarev
density theorem, in many different forms, gives an equidistribution result for the oc-
currence of conjugacy classes as the Frobenius class of places. An example of such a
theorem is [21, Theorem 9.13B].
Theorem 2.3. (Chebotarev Density Theorem) Let F/E be a finite Galois ex-
tension of global function fields and let C be a conjugacy class in Gal(F/E). Let UE
denote the set of places of E that are unramified in F . Then, for every positive integer
k ≥ 1, one has∣∣∣∣
{
Q ∈ UE : [F/E
Q
] = C, deg(Q) = k
}∣∣∣∣ = |C|[F : E] × q
k
k
+O
(
qk/2
k
)
.
The above Chebotarev Density Theorem tells us the asymptotic behavior about how
places of E split in F . For our purpose, we need an explicit version of the Chebotarev
Density Theorem. Let x be a separating transcendent element of E over Fq. Let
d = [E : Fq(x)]. For a conjugacy class C of Gal(F/E), let Nk(F/E, C) denote the
number of places Q of degree k in E which are unramified in both F/E and E/Fq(x)
such that [F/E
Q
] = C. Then the following result holds true from [5, Proposition 6.4.8]
and [17], or from [8, Theorem 3.7].
Proposition 2.4. Notations are given as above. Then one has∣∣∣Nk(F/E, C)− |C|
km
qk
∣∣∣ ≤ 2|C|
km
(m+ gF )q
k/2 +m(2gE + 1)q
k/4 + gF + dm.
3. Asymptotic behavior of abelian subgroups of automorphism groups
The main result of this section is to show that Mq is between 2 and 3 for odd
characteristic (or 4 for even characteristic).
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3.1. Finding a suitable ray class field. Let F/Fq be a global function field of genus
gF ≥ 2 and let G be an abelian subgroup of Aut(F/Fq) with mF = |G|. The main
purpose of this subsection is to show that F is contained in the ray class group
(
F G
)D
∞
for some lower-degree place ∞ and lower-degree positive divisor D. The idea works
as follows. Assume that there exists a place ∞ of F G such that ∞ splits completely
in F/F G . Let D be the conductor divisor of F/F G, then F is a subfield of
(
F G
)D
∞
from the Conductor Theorem [19, Theorem 2.5.4]. Hence, we need to find a place ∞
of F G that splits completely in F/F G. This can be done via the Chebotarev Density
Theorem.
For convenience, we denote by E the function field F G.
Proposition 3.1. Put t = ⌈6 logq gF +18⌉. Then there exists a place ∞ of degree t of
E such that ∞ splits completely in F/E.
Proof. For any place P ∈ PE and each integer k ≥ 2gE, there exists an element x ∈ E
with pole divisor (x)∞ = k · P from Riemann’s Theorem (see [23, Proposition 1.6.6]).
Hence, we can find a separating transcendence element x of E/Fq with d = [E :
Fq(x)] = ℓ · t for some positive integer ℓ ≤ 2gE + 1 (note that if 2gE is divisible by the
characteristic, we choose ℓ = 2gE + 1, otherwise we let ℓ = 2gE).
Let C be the conjugacy class containing the identity automorphism of F/E. Then it
is clear that it is now sufficient to prove
Nt(F/E, C) ≥ 1.
By Proposition 2.4, we have the following inequality
Nt(F/E, C) ≥ 1
mF t
qt −
(
2
mF t
(mF + gF )q
t/2 +mF (2gE + 1)q
t/4 + gF + dmF
)
.
Thus, we need to prove that the right-hand side of the above inequality is positive.
First we note that we have (i) mF = [F : E] ≤ 4gF + 4 (note that G is an abelian
subgroup of Aut(F/Fq)); (ii) gE ≤ gF ; and (iii) d = ℓt ≤ (2gE + 1)t ≤ (2gF + 1)t.
Thus, we have
2
mF t
(mF + gF )q
t/2 ≤ 2
mF t
(4gF + 4 + gF ) q
t/2 ≤ 1
4
· 1
mF t
qt;
mF (2gE + 1)q
t/4 ≤ (4gF + 4)(2gF + 1)qt/4 ≤ 1
4
· 1
(4gF + 4)t
qt ≤ 1
4
· 1
mF t
qt;
gF <
1
4
· 1
(4gF + 4)t
qt ≤ 1
4
· 1
mF t
qt;
and
dmF ≤ (2gF + 1)t(4gF + 4) ≤ 1
4
· 1
(4gF + 4)t
qt ≤ 1
4
· 1
mF t
qt.
This completes the proof. 
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3.2. Bounds on Mq. Again, we assume that F/Fq is a function field of genus gF ≥ 2
and let G be an abelian subgroup of Aut(F/Fq) with |G| = mF . Put E = F G . By
Proposition 3.1, there exists a place ∞ of E with degree t = ⌈6 logq gF + 18⌉. Let the
effective divisor D =
∑s
i=1 ciQi be the conductor of F/E. Then F is a subfield of E
D
∞.
Moreover, we have
[ED∞ : E] = hE · t ·
1
q − 1 ·
s∏
i=1
(qdeg(Qi) − 1)q(ci−1)deg(Qi).
First, we provide an upper bound for the order mF in terms of gF and the conductor.
Lemma 3.2. Let G be an abelian subgroup of Aut(F/Fq) with |G| = mF . Put E = F G.
Let the divisor D =
∑s
i=1 ciQi be the conductor of F/E. Put t = ⌈6 logq gF +18⌉. Then
logqmF ≤ logq t + 3gE +
s∑
i=1
cideg(Qi).
Proof. First of all, by Hasse-Weil Theorem we have an upper bound on the class number
hE (see [23, Theorem 5.1.15 and Theorem 5.2.1])
hE ≤ (1 +√q)2gE .
Since F is a subfield of ED∞, we have [F : E] divides [E
D
∞ : E], that is,
mF |hE · t · 1
q − 1 ·
s∏
i=1
(qdeg(Qi) − 1)q(ci−1)deg(Qi) ≤ t(1 +√q)2gEq
∑s
i=1 cideg(Qi).
Hence, we obtain
logqmF ≤ logq t+ 2gE logq(1 +
√
q) +
s∑
i=1
cideg(Qi) ≤ logq t+ 3gE +
s∑
i=1
cideg(Qi).
The proof is completed. 
Lemma 3.2 gives a relation between mF and conductor. This relation can be turned
into a relation between mF and gF as shown below.
Proposition 3.3. Let F/Fq be a global function field. Put t = ⌈6 logq gF + 18⌉. Then
we have
gF ≥ 1
4
mF logqmF −
1
4
mF logq t−mF + 1.
Proof. Let G be an abelian subgroup of Aut(F/Fq) with |G| = mF . Let the divisor
D =
∑s
i=1 ciQi be the conductor of F/E. The Hurwitz genus formula [23, Theorem
3.4.13] yields
2gF − 2 = mF · (2gE − 2) +
s∑
i=1
∑
P |Qi
d(P |Qi)deg(P ).
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As d(P |Qi), f(P |Qi) and e(P |Qi) depend only on Qi, we may denote d(P |Qi), f(P |Qi)
and e(P |Qi) by d(Qi), f(Qi) and e(Qi), respectively. First of all, we have∑
P |Qi
d(Qi)deg(P ) =
∑
P |Qi
d(Qi)f(Qi)deg(Qi)
=
d(Qi)
e(Qi)
deg(Qi)
∑
P |Qi
e(Qi)f(Qi) =
d(Qi)
e(Qi)
deg(Qi)mF .
The last equality holds from Fundamental Equality (see [23, Theorem 3.1.11]). Thus,
2gF − 2 = mF · (2gE − 2) +mF ·
s∑
i=1
d(Qi)
e(Qi)
deg(Qi).
Hence, we obtain
2gF − 2
mF
= 2gE − 2 +
s∑
i=1
d(Qi)
e(Qi)
deg(Qi)
≥ 2gE − 2 + 1
2
s∑
i=1
cideg(Qi)
=
3
2
gE +
1
2
s∑
i=1
cideg(Qi) +
1
2
gE − 2
≥ 1
2
logqmF −
1
2
logq t− 2.
The first inequality follows from Equation (1) in the subsection 2.2 and the last in-
equality follows from Lemma 3.2. This completes the proof. 
Let us give a lower bound by considering cyclotomic function fields.
Example 1. Let F be the cyclotomic function field Fq(x)(ΛP ), where P is an irre-
ducible polynomial of degree d in Fq[x]. The Galois group of F/Fq(x) is a cyclic group
of order qd−1. Then the maximum size mF of abelian subgroups of the automorphism
group Aut(F/Fq) is mF ≥ qd − 1. By the Hurwitz genus formula and Proposition 2.1,
the genus of F is
2gF − 2 = (qd − 1)(−2) + (qd − 2)d+ q − 2
q − 1(q
d − 1).
Hence, this gives a lower bound on Mq:
Mq ≥ lim
d→∞
mF · logqmF
gF
= 2.
The above example provides a lower bound on Mq for the case where |G| is coprime
to the characteristic. The next example gives the same lower bound on Mq for the case
where |G| is divisible by the characteristic.
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Example 2. Let Fn be the cyclotomic function field Fq(x)(ΛPn), where P is an ir-
reducible polynomial of degree d in Fq[x] and n ≥ 2. The Galois group of Fn/Fq(x)
is an abelian group of order (qd − 1)qd(n−1). Then the maximum size mFn of abelian
subgroups of the automorphism group Aut(Fn/Fq) is mFn ≥ (qd − 1)q(n−1)d. By the
Hurwitz genus formula and Proposition 2.1, the genus of Fn is
2gFn − 2 = (qd − 1)qd(n−1)(−2) +
[
n(qd − 1)qd(n−1) − qd(n−1)]d+ q − 2
q − 1(q
d − 1)qd(n−1).
Hence, this gives a lower bound on Mq:
Mq ≥ lim
n→∞
mFn · logqmFn
gFn
= 2.
Theorem 3.4. For every prime power q, one has
2 ≤Mq ≤ 4.
Proof. The lower boundMq ≥ 2 is given in Examples 1 and 2. We now prove the upper
bound.
Let {F/Fq} be a family of function fields with gF →∞ andMq = limgF→∞ mF logqmFgF .
By Examples 1 and 2, one has that, for sufficiently large gF ,
mF logqmF
gF
≥ Mq/2 ≥ 1,
i.e., gF ≤ mF logqmF .
Without loss of generality, we may assume that gF ≥ 2 for every function field F in
this family. By Proposition 3.3, we have
gF ≥ 1
4
mF logqmF −
1
4
mF logq t−mF + 1
≥ 1
4
mF logqmF −
1
4
mF logq(6 logq gF + 18)−mF + 1
≥ 1
4
mF logqmF −
1
4
mF logq(6 logq(mF logqmF ) + 18)−mF + 1.
Dividing both sides of the above inequality by mF logqmF and taking limits, one ob-
tains limgF→∞
gF
mF logqmF
≥ 1
4
. The desired result follows. 
The upper bound given in the above theorem holds for both even and odd charac-
teristics. However, for odd characteristic, we can refine the proof of Proposition 3.3 by
better estimating the different exponent. Let us prove a lemma first.
Lemma 3.5. Let F/E be a finite abelian extension of global function fields and let
Q be a place of E with conductor exponent c = cQ(F/E) ≥ 2. Let e = bpw be the
ramification index of Q in the extension F/E, where p is the characteristic of F , p ∤ b
and w is a positive integer. Then the different exponent dQ(F/E) of Q in F/E has a
lower bound
dQ(F/E) ≥ cbpw − 1− b− (c− 2)bpw−1.
Proof. Let P be a place of F lying over Q. Let gi be the order of Gi(P ) and let a be the
least non-negative integer k such that Gi(P ) are trivial for all i ≥ k. As the different
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exponent d(P |Q) of P |Q does not depend on the choice of P , we denote d(P |Q) by
dQ(F/E). Then the different exponent d = dQ(F/E) of Q in F/E is calculated by
d =
a−1∑
i=0
(gi − 1)
from Hilbert’s Different Theorem [23, Theorem 3.8.7]. The ramification theory of
Galois extension yields g0 = e = bp
w and g1 = p
w [23, Proposition 3.8.5]. Let nj be the
number of integers i ≥ 1 with gi = pw−j+1 for 1 ≤ j ≤ w. Furthermore, we have
a = 1 +
w∑
j=1
nj , d = ce− a = ce− 1−
w∑
j=1
nj.
The Hasse-Arf theorem [19, Proposition 2.3.3] shows that g0|
∑n1
i=1 gi = n1p
w, since
Gn1(P ) 6= Gn1+1(P ). It follows that b|n1 and n1 ≥ b. For c ≥ 2, we have
ce = d+ a =
a−1∑
i=0
gi = g0 +
w∑
j=1
njp
w−j+1
= e+ b · pw + (n1 − b)pw +
w∑
j=2
njp
w−j+1
≥ 2e+ (n1 − b)p +
w∑
j=2
njp = 2e− bp +
w∑
j=1
njp.
It is clear that b + (c − 2)bpw−1 ≥ ∑wj=1 nj from the above inequality and e = bpw.
Hence, the different exponent dQ(F/E) has a lower bound
dQ(F/E) = d = ce− 1−
w∑
j=1
nj ≥ cbpw − 1− b− (c− 2)bpw−1.
The proof is completed. 
Theorem 3.6. Assume that the characteristic p of Fq is odd. Let F/Fq be a global
function field. Put t = ⌈6 logq gF + 18⌉. Then we have
gF ≥ 1
3
mF logqmF −
1
3
mF logq t−mF + 1.
As a consequence, we have Mq ≤ 3.
Proof. We use the same notations as in the proof of Proposition 3.3. Let the divisor
D =
∑r
i=1Qi +
∑s
j=r+1 cjQj with cj ≥ 2 be the conductor of F/E. Then the Hurwitz
genus formula yields
2gF − 2
mF
= 2gE − 2 +
s∑
i=1
d(Qi)
e(Qi)
deg(Qi).
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Suppose that there are exactly r0 places of E with ramification index 2. Without loss
of generality, we can assume that
d(Qi)
e(Qi)
= 1− 1
e(Qi)
=
1
2
for 1 ≤ i ≤ r0. For other tamely ramified places Qi with r0 + 1 ≤ i ≤ r, we have
d(Qi)
e(Qi)
= 1− 1
e(Qi)
≥ 2
3
.
For the wildly ramified places Qj with ramification index e(Qj) = bjp
wj , the following
inequality
d(Qj)
e(Qj)
≥ cjbjp
wj − 1− bj − (cj − 2)pwj−1
bjpwj
≥ 2
3
cj
holds true for each r + 1 ≤ j ≤ s from Lemma 3.5 and p ≥ 3.
Since the extension F/E is abelian, we have
mF |hE · t ·
s∏
i=1
e(Qi) ≤ q2gE · t · 2r0 ·
r∏
i=r0+1
(qdeg(Qi) − 1) ·
s∏
j=r+1
(qdeg(Qj) − 1)q(cj−1)deg(Qj).
Hence, we have
logqmF − logq t ≤ 2gE + r0 logq 2 +
r∑
i=r0+1
deg(Qi) +
s∑
j=r+1
cjdeg(Qj).
It follows that
2gF − 2
mF
≥ 2gE − 2 + 1
2
r0∑
i=1
deg(Qi) +
2
3
r∑
i=r0+1
deg(Qi) +
2
3
s∑
j=r+1
cjdeg(Qj)
≥ 2
3
[
2gE + r0 logq 2 +
r∑
i=r0+1
deg(Qi) +
s∑
j=r+1
cjdeg(Qj)
]
+
2gE
3
− 2 + 1
2
r0∑
i=1
deg(Qi)− 2
3
r0 logq 2
≥ 2
3
logqmF −
2
3
logq t+
2gE
3
− 2 + r0
6
(
3− 4 logq 2
)
≥ 2
3
logqmF −
2
3
logq t− 2.
Hence, we obtain
gF ≥ 1
3
mF logqmF −
1
3
mF logq t−mF + 1.
The desired result on Mq ≤ 3 follows. 
4. Asymptotic behavior of subgroups whose order is coprime to q
The main purpose of this section is to provide a linear lower bound by constructing
some tame towers of function fields which are recursively defined over Fq.
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4.1. Towers of function fields. First of all, let us introduce some basic definitions
and results of towers of function fields. For more results on towers of function fields,
please refer to [3, 23, 24]. A tower of function fields over Fq is an infinite sequence
F = (F0, F1, F2, · · · ) of function fields Fn/Fq with the following properties:
(i) F0 ( F1 ( · · · ( Fn ( Fn+1 · · · ;
(ii) the extension Fn+1/Fn is finite and separable for each n ≥ 0;
(iii) The genera satisfy gFn →∞ for n→∞.
We say that the tower F = (F0, F1, F2, · · · ) is tame if every place of F0 is unramified
or tamely ramified in the extension Fn/F0 for any n ≥ 1.
Definition 4.1. Let F = (F0, F1, F2, · · · ) be an infinite sequence of function fields over
Fq and let f(T ), h(T ) ∈ Fq(T ) be two separable rational functions with deg(f) ≥ 2 (i.e.,
deg(f) = −vP∞(f) where vP∞ is the normalized discrete valuation at the infinite place).
We say that the sequence F can be described recursively by the equation
f(Y ) = h(X)
if there are elements yn for all n ≥ 0 such that the followings hold true:
(1) F0 = Fq(y0) where y0 is transcendental over Fq;
(2) Fn+1 = Fn(yn+1) where f(yn+1) = h(yn) for every n ≥ 0;
(3) [Fn+1 : Fn] = deg(f) for every n ≥ 0.
We define the corresponding basic function field F of the sequence as
F := Fq(x, y) with f(y) = h(x).
Definition 4.2. Let F = (F0, F1, F2, · · · ) be a tower over Fq.
(1) The genus γ(F/F0) of F over F0 is defined by
γ(F/F0) = lim
n→∞
gFn
[Fn : F0]
.
(2) The ramification locus of F over F0 is defined by
Ram(F/F0) = {P ∈ PF0 | P is ramified in Fn/F0 for some n ≥ 1}.
Let F = (F0, F1, F2, · · · ) be a tame tower of function fields over Fq. Assume that
Ram(F/F0) is finite. For each place P ∈ Ram(F/F0) and every place Q ∈ PFn lying
over P , the different exponent d(Q|P ) = e(Q|P )− 1 since the tower F is tame. Then
the genus γ(F/F0) is finite and bounded by
γ(F/F0) ≤ gF0 − 1 +
1
2
∑
P∈Ram(F/F0)
degP
from the Hurwitz genus formula (see [23, Theorem 7.2.10]).
In the case of a finite ramification locus, the ramification divisor of F/F0 is defined
by
R(F/F0) =
∑
P∈Ram(F/F0)
P.
Let L be an algebraic extension ofK. Then we can consider the constant field extension
FL = (F0L, F1L, F2L, · · · , FiL, · · · ) of the tower F by L. The following proposition
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provides a useful criterion for the finiteness of the ramification locus of recursive towers
[23, Remark 7.2.22 and Proposition 7.2.23].
Proposition 4.3. Let F = (F0, F1, F2, · · · ) be a recursive tower over the finite field
Fq defined by the equation f(Y ) = h(X). We denote by F the basic function field of
F . Let L be a finite extension of Fq such that all places of L(x), which ramify in the
extension FL/L(x), are rational. Hence the set
Λ0 := {x(P )|P ∈ PL(x) is ramified in FL/L(x)}
is contained in L ∪ {∞}. Suppose that there exists a finite subset Λ ⊇ Λ0 of L ∪ {∞}
such that any solution α ∈ Fq ∪ {∞} of the equation h(α) = f(β) for every β ∈ Λ is
still in Λ. Then the ramification locus Ram(FL/F0L) is finite and
Ram(FL/F0L) ⊆ {P ∈ PF0L| y0(P ) ∈ Λ}.
Furthermore, Ram(F/F0) is finite and degR(F/F0) = degR(FL/F0L).
4.2. Constructions of tame towers. In this subsection, we will provide a lower
bound Bq ≥ 2/3 by explicitly constructing two tame towers of function fields.
Proposition 4.4. Assume that char(Fq) 6= 3. The infinite sequence F = (F0, F1, F2, · · · )
which is recursively defined over Fq by the equation
Y 3 =
X2 +X + 1
3X
is a tame tower of function fields over Fq.
Proof. First note that Fn+1 = Fn(yn+1) with y
3
n+1 = (y
2
n + yn + 1)/(3yn), hence [Fn+1 :
Fn] ≤ 3. Since char(Fq) 6= 3, it follows that Fn+1/Fn is separable.
The goal is to find places Pn ∈ PFn and Pn+1 ∈ PFn+1 with Pn+1|Pn such that
e(Pn+1|Pn) = 3. We proceed as follows. Let P0 ∈ PF0 be the unique pole of y0 in
F0 = Fq(y0) and let P1 ∈ PF1 lie over P0. From the equation y31 = (y20 + y0 + 1)/(3y0),
we obtain
3vP1(y1) = vP1(y
3
1) = e(P1|P0)vP0
(y20 + y0 + 1
3y0
)
= e(P1|P0) · (−1).
Hence, e(P1|P0) = 3 and vP1(y1) = −1. Similarly from the equation y32 = (y21 +
y1 + 1)/(3y1), there exists a place P2 ∈ PF2 with P2|P1 such that e(P2|P1) = 3 and
vP2(y2) = −1. By iterating this process, we obtain Pn+1 ∈ PFn+1 with Pn+1|Pn such
that e(Pn+1|Pn) = 3 and vPn+1(yn+1) = −1 for all n ≥ 0. Therefore, [Fn+1 : Fn] =
e(Pn+1|Pn) = 3. It follows that Fn+1 and Fn have the same full constant field Fq,
since constant field extensions are unramified (see [23, Proposition 7.2.15]). Hence, the
conditions (i) and (ii) for a tower have been showed.
From the theory of Kummer extension [23, Proposition 3.7.3], exactly the following
places of F0 are ramified in F1/F0: the zero and the pole of y0, the two zeros of
y20 +y0+1 or a place of degree 2 depending on the factorization of y
2
0 +y0+1 in Fq[y0].
The Hurwitz genus formula for F1/F0 yields 2gF1 − 2 = 3 × (2gF0 − 2) + 4 × (3 − 1).
Hence, gF1 = 2.
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As Fi ( Fi+1, we have
2gFi+1 − 2 ≥ [Fi+1 : Fi](2gFi − 2) ≥ 2(2gFi − 2) = 4gFi − 4.
Thus, if gFi ≥ 2, we have 2gFi+1 ≥ 4gFi − 2 ≥ 3gFi, i.e., gFi+1 ≥ 3gFi/2 > gFi. This
implies that the genus gFi strictly increases for i ≥ 1. The condition (iii) for a tower
of function fields is satisfied. 
Theorem 4.5. Assume that char(Fq) 6= 3. Let F = (F0, F1, · · · ) be a recursive tower
defined by the equation
Y 3 =
X2 +X + 1
3X
over the finite field Fq. Let En be the Galois closure of Fn over F0. Then
Bq ≥ lim sup
n→∞
|Gal(En/F0)|
gEn
≥ 2
3
.
Proof. First let us choose a finite field L ⊇ Fq such that L contains an element w of
order 3. Note that if 3|(q − 1), then we can choose L = Fq, otherwise we let L = Fq2 .
From the theory of Kummer extension, all ramified places in FL/L(x) are exactly the
rational places P0, Pw, Pw2 and P∞, that is, Λ0 = {0, w, w2,∞}. Now let us consider
the set
Λ = {0, w, w2,∞, 1} ⊆ L ∪ {∞}
which satisfies the condition of Proposition 4.3. In fact, it remains to show that any
solution α ∈ Fq ∪ {∞} of the equation
α2 + α + 1
3α
= β3
for every β ∈ Λ is still in Λ. This can be verified easily as follows:
• if β =∞, then α =∞ or α = 0;
• if β = 0, then α = w or α = w2;
• if β = 1, w or w2, then α = 1.
Hence, it has been shown that the ramification locus
Ram(FL/F0L) ⊆ {P ∈ PF0L|y0(P ) ∈ Λ} = {P0, Pw, Pw2, P1, P∞}
from Proposition 4.3.
Let En be the Galois closure of Fn over F0. In fact, En is the compositum of the
fields σ(Fn), where σ runs through all embeddings σ : Fn → F0 (note that F0 ⊇ F0
is the algebraic closure of F0). If P is unramified in Fn/F0, then P is unramified
in En/F0 from an immediate consequence of Abhyankar’s Lemma (see [23, Corollary
3.9.3]). As for P is tamely ramified in Fn/F0, it is also tamely ramified in σ(Fn)/F0.
Hence, P is tamely ramified in En/F0 from Abhyankar’s Lemma [23, Theorem 3.9.1].
Let E = (F0, E1, · · · , En, · · · ) be the Galois closure of the tower F . Then the tower E
is tame and Ram(E/F0) = Ram(F/F0).
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The genus γ(E/F0) of E over F0 is
γ(E/F0) ≤ gF0 − 1 +
1
2
∑
P∈Ram(E/F0)
deg(P )
= gF0 − 1 +
1
2
∑
P∈Ram(F/F0)
deg(P )
= gF0 − 1 +
1
2
∑
P∈Ram(FL/F0L)
deg(P )
≤ 3
2
.
The first inequality follows from [23, Proposition 7.2.10] and the second equality follows
from Proposition 4.3. Let bEn be the maximum size of subgroups of Aut(En/Fq) whose
order is coprime to q. The Galois group of En/F0 is a subgroup of Aut(En/Fq). It
follows that
bEn ≥ |Gal(En/F0)| = [En : F0].
Hence, we obtain
Bq ≥ lim sup
n→∞
bEn
gEn
≥ lim sup
n→∞
[En : F0]
gEn
=
1
γ(E/F0) ≥
2
3
.

Theorem 4.6. Assume that char(Fq) 6= 2. Let F = (F0, F1, · · · ) be a recursive tower
defined by the equation
Y 4 =
X2 + 1
2X
over the finite field Fq. Let En be the Galois closure of Fn over F0. Then we have
Bq ≥ lim sup
n→∞
|Gal(En/F0)|
gEn
≥ 2
3
.
Proof. It is easy to verify that Λ0 = {0, i,−i,∞} and Λ = {0, i,−i,∞, 1} satisfy the
conditions of Proposition 4.3. The rest of the proof uses the similar arguments as in
Proposition 4.4 and Theorem 4.5. The details are omitted. 
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